In this paper, we use T Oprea's optimization method to establish some optimal Casorati inequalities, which involve the normalized scalar curvature for bi-slant submanifolds of generalized Sasakian space forms. In the continuation, we show that in both cases, the equalities hold if and only if submanifolds are invariantly quasi-umbilical.
Introduction
B. Y. Chen [5] introduced the new types of Riemannian invariants, known in the literature as Chen invariants and obtained general optimal inequalities consisting of the new intrinsic invariants and the main extrinsic invariants for any Riemannian submanifolds. It was the starting point of the theory of Chen invariants, which are one of the most interesting research topics in differential geometry [11, 12, 13, 14, 16, 17, 18, 19, 24] . Instead of concentrating on the sectional curvature with the extrinsic squared mean curvature, the Casorati curvature of a submanifold in a Riemannian manifold was considered as an extrinsic invariant defined as the normalized square of the length of the second fundamental form. The notion of Casorati curvature extends the concept of the principal direction of a hypersurface of a Riemannian manifold. Several geometers in [6, 7, 10, 20, 21] found geometrical meaning and the importance of the Casorati curvature. Therefore, it is of great interest to obtain optimal inequalities for the Casorati curvatures of submanifolds in different ambient spaces. As a natural prolongation of our research, in the present paper we will study these inequalities for bi-slant submanifolds in generalized Sasakian space forms by using T Oprea's optimization method.
Our work is structured as follows: Section 2 is basically devoted to preliminary part, in which we summarize some basic material about generalized Sasakian space form including its Riemannian curvature tensor. In Section 3, we give proof of the main theorem of this paper 246 ALIYA NAAZ SIDDIQUI (Theorem 3.1). The purpose of this paper is to give another proof of optimal Casorati inequalities, which have been derived by A. N. Siddiqui and M. H. Shahid in [16] , by using T Oprea's optimization method.
Preliminaries
A (2m + 1)−dimensional differentiable manifold M is said to have an almost contact structure (φ, ξ, η, g ) if there exists on M a tensor field φ of type (1, 1), a vector field ξ, a 1−form η and a Riemannian metric g such that [23] 
Here X , Y , Z denote arbitrary vector fields on M . The fundamental 2-form ϕ on M is defined
Alegre et al. [1] introduced and studied the generalized Sasakian space forms. An almost contact metric manifold (M , φ, ξ, η, g ) is said to be a generalized Sasakian space form if there exist differentiable functions f 1 , f 2 , f 3 such that curvature tensor R of M is given by
for all vector fields X , Y , Z ∈ T M . In the following we consider M as a generalized Sasakian space form 
for all vector fields X , Y , Z ∈ T M .
For any vector field X ∈ T M , we put [23] 
where P X and Q X denote the tangential and normal components of φX , respectively. Then P is an endomorphism of T M , and Q is the normal bundle valued 1-form on T M .
In the same way, for any vector field V ∈ T ⊥ M , we put [23] 
where BV and CV denote tangential and normal components of φV , respectively.
It is easy to see that Q and B are skew-symmetric and
for any vector fields X ∈ T M and V ∈ T ⊥ M .
The structural vector field ξ can be decomposed as
where ξ 1 and ξ 2 are the tangential and the normal components of ξ.
There are some other important classes of submanifolds which are determined by the behavior of tangent bundle of the submanifold under the action of an almost contact metric structure φ of M :
(ii) A submanifold M of M is called a slant submanifold [3] of M if, the angle between φX
and T x M is constant for all X ∈ T M − {ξ x } and x ∈ M . Suppose that M is a bi-slant submanifold of dimension n+1
Let us assume the orthonormal basis of M as follows :
Also,
Hence, we have 
An upper bound of normalized scalar curvature by using T Oprea's optimization method
In this section, we obtain some optimal Casorati inequalities for M in M ( f 1 , f 2 , f 3 ). For this, we choose a local orthonormal tangent frame {E 1 , . . . , E n+1 } of the tangent bundle T M of M and a local orthonormal normal frame {E n+2 , . . . , E 2m+1 } of the normal bundle f 2 , f 3 ) . At any p ∈ M , the scalar curvature τ at that point is given by
and the normalized scalar curvature ρ of M is defined as
.
The mean curvature vector denoted by H of M is given by
Conveniently, let us put
for i , j = {1, . . . , n + 1} and r = {n + 2, . . . , 2m + 1}. Then the squared norm of mean curvature vector of M is defined as
and the squared norm of second fundamental form h is denoted by
where
It is known as the Casorati curvature C of M .
If we suppose that L is an s-dimensional subspace of T M , s ≥ 2, and {E 1 , . . . , E s } is an orthonormal basis of L , then the scalar curvature of the s−plane section L is given by
and the Casorati curvature of the subspace L is as follows
ALIYA NAAZ SIDDIQUI
The normalized δ-Casorati curvatures δ C (n) and δ C (n) are defined as
Definition 2.
A point p ∈ M is said to be an invariantly quasi-umbilical point if there exist 2m − n orthogonal unit normal vector {E n+2 , . . . , E 2m+1 } such that the shape operator with respect to all directions E r have an eigenvalue of multiplicity n and that for each E r the distinguished eigendirection is the same. The submanifold M is said to be an invariantly quasiumbilical submanifold if each of its points is an invariantly quasi-umbilical point.
The following lemmas play a key role in the proof of our theorem:
Then, by the constrained extremum problem, f has a global solution as follows,
Lemma 2 ([15]). Let N be a Riemannian submanifold of Riemannian manifold (M ,G), where g is the metric induced on N by G and f : N → R be a differentiable function. If x 0 ∈ N is the solution of the constrained extremum problem min x∈N f (x), then
(ii) the bilinear form A :
is positive semidefinite, where h is the second fundamental form of N in M .
Now we are ready to prove the main theorem of the paper. This is as follows: 
Moreover, the equalities hold in the relations (11) and (12) 
and 
Proof. Let {E 1 , . . . , E n+1 } and {E n+2 , . . . , E 2m+1 } be the orthonormal basis of T M and and
From this and together with Gauss equation, we have [16] 2τ(p) = n(n
where we have used (10) .
ALIYA NAAZ SIDDIQUI
We define now the following function, denoted by Q, which is a quadratic polynomial in the components of the second fundamental form:
where L is a hyperplane of T p M . We can assume without loss of generality that L is spanned by {E 1 , . . . , E n }. Then we have
Now we can easily derive that
For r = n + 2, . . . , 2m + 1, let us take the quadratic form φ r : R n+1 → R, defined by
and the constrained extremum problem min φ r subject to the component of trace H ,
where k r is a real constant.
Comparing (18) with the quadratic function in Lemma 1, we find that
Therefore, we can find the critical point (h 
Now here we use Lemma 2 and for this, we fix an arbitrary point x 0 ∈ θ. The bilinear form
is defined by
where ħ is the second fundamental form of θ in R n+1 and 〈, 〉 is the standard inner product on R n+1 . So, we have the following:
where c = n 2 +n+2 n . Thus, the point (h r 11 , . . . , h r n+1n+1 ) (see (19) ) is a global minimum point. From relation (17) and (19), we get Q ≥ 0 and hence we have
whereby, we obtain ρ ≤ 1 2 C + 1 2 (n + 2) n(n + 1) C (L ) + f 1 − 2 f 3 n + 1 ||ξ 1 || 2 + 6 f 2 n(n + 1) (n 1 cos 2 θ 1 + n 2 cos 2 θ 2 ).
By the definition of δ C (n), we can obtain our desired inequality (11) . Moreover, the equality sign holds if and only if h r i j = 0, ∀ i , j ∈ {1, . . . , n + 1}, i = j , r ∈ {n + 2, . . . , 2m + 1} (20) and h n+1n+1 = 2h 
From (20) and (21), we conclude that the equality sign holds in the inequality (11) if and only if the submanifold M is invariantly quasi-umbilical with trivial normal connection in M , such that with respect to suitable orthonormal tangent and normal orthonormal frames, the shape operators take the form of (13).
In the same manner, we can easily obtain another inequality (12) and also show that the equality at all points characterizes the invariantly quasi-umbilical submanifolds.
Remark 3. Theorem 1 shows that the normalized scalar curvature for bi-slant submanifold of generalized Sasakian space form is bounded above by the normalized Casorati curvatures δ C (n) and δ C (n).
Remark 4.
With similar proof of Theorem 1, we can show that the normalized scalar curvature is bounded above by the normalized Casorati curvatures δ C (n) and δ C (n) when ambient space form is, respectively, [16] (i) Sasakian space form.
(ii) Kenmotsu space form.
(iii) cosymplectic space form.
